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ABSTRACT: The theory proposed is an extension of the constrained-junction theory of Flory and Erman
and the subsequent constrained-chain theory of Erman and Monnerie. As in these earlier theories, the
elastic free energy AA, is calculated as the sum AA, = AAy, + AA,, where AAy, is the contribution for
a phantom network, and the additional term AA. is due to the effects of constraints on fluctuations.
Instead of allowing the constraints to affect the fluctuations of only the junctions or the centers of mass
of the network chains, however, the constraints are now applied continuously along the chains. The
results of illustrative calculations on this “diffused-constraint” model are compared with the corresponding

results from the earlier theories.

Introduction

The primary aim of the molecular theories of rubber-
like elasticity is to provide an equation of state which
expresses the elastic force as a function of the thermo-
dynamic parameters of the system (such as extent of
deformation, temperature, and degree of network swell-
ing) and its molecular parameters (such as the number
of network chains, their mean-square dimensions, the
functionality of the cross links, and chain topology).t~”
Two major theories in this area are the “affine” (in which
the junctions move linearly with the macroscopic de-
formation) and the “phantom” (in which junction fluc-
tuations cause significant departures from affineness).
They represent limiting behavior in that the constraints
on junction fluctuations are at a maximum in the affine
theory and at a minimum in the phantom theory.
Experimental data generally lie between these two
limits, which has prompted a considerable amount of
additional work in which the junctions are constrained
in different ways, to obtain better agreement between
theory and experiment.1~7

The first attempt along these lines was to place the
effects of the constraints entirely at the junction points
themselves in what is called the “constrained-junction”
theory of Flory and Erman.358 Comparing the results
of this theory with experiment provided estimates of the
degrees of constraint and thus of the magnitudes of the
junction fluctuations. Experimental values of these
magnitudes have been obtained by neutron spin—echo
measurements® 11 and found, however, to be signifi-
cantly larger than those indicated by the constrained-
junction theory. This suggested that it would be more
realistic to move some of the effects of the constraints
from the cross-links to other parts of the network chains.
This was done by having the constraints affect fluctua-
tions of the centers of mass of the chains, in the
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“cox}zstrained-chain” approach by Erman and Monne-
rie.

This type of network model can be made even more
realistic by applying the constraints continuously along
the chains, and the treatment of such a “diffused-
constraint” model is the purpose of the present inves-
tigation. The development proceeds by placing this
approach into context by first describing the classic
affine and phantom models and the subsequent con-
strained-junction and constrained-chain models. The
diffused-constraint model is then described and treated
to obtain the most general expression for the elastic free
energy. It is then applied to the calculation of stress—
strain isotherms in elongation, and the results are
compared with those from some of the earlier theories.

Evolution of Some of the Molecular Theories

The Affine Model. The simplest theory of rubber-
like elasticity was developed by Kuhn3-15 and improved
by Treloar.2'® It is based on the assumption that an
elastomeric network consists of v freely-jointed Gaussian
chains and that the mean-square end-to-end vector (2}
of the network chains in the undeformed state is the
same as that of the un-cross-linked free chains. It is
also assumed that there is no change in volume on
deformation and that the network junctions displace
affinely with macroscopic deformation. The intermo-
lecular interactions of chains are neglected. This so-
called affine model of a polymer network leads to the
following equation for the elastic energy AAq:

AL, = %vk:r(z,f +A2+42-3) 1)

Here, A, Ay, and A, are the components of the deforma-
tion tensor 4, defined as the ratios of the final length of
the sample L, to the initial length L, in the reference
state (state of network formation) in the t = x, y, and 2
directions, respectively, & is the Boltzmann constant,
and T is the absolute temperature. A more rigorous
statistical mechanical analysis by Flory has shown that
eq 1 should contain an additional logarithmic term,
—ukT In(V/Vy), where u is the number of junctions, V'is
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the volume of the network, and Vj is the volume of the
network at the state of formation.

The force f under uniaxial tension in direction z is
obtained from the thermodynamic expression

(34, _p IAA, @
f_( oL T,V— 0 (a}“z TV

where 4 = 1, = L,/L,o. Because the volume of the
sample is constant during deformation, the x and y
components of the deformation tensor are A, = 4, = A~12-
(VIVo)Y2, Performing the differentiation in eq 2 leads
to the elastic equation of state

f= (Zfl)m — (VIV )2 (3)
0

Tt is useful to introduce the elongation q, related to the
deformation tensor 4 by the equations

L KI/SQ: U_Z_cl/sa
‘ Vo Vg

R 0 A S S AL S
ix—/ly—(vo) a = o a €Y

Here, vg and vy, are volume fractions of the polymer in
the network in the final state and the reference state,
respectively. It is also convenient to define the reduced
elastic force (modulus) as

1/3
(=122 5)

Ayl —o?)
where A4 is the cross-sectional area of the sample in

the dry state. The reduced force for the affine network
model calculated from eqs 3—5 is

o vETv, 2"
aff Vd

where Vjy is the volume of the sample in the dry state
(vee. = V4/Vy) and is independent of the elongation a.
The Phantom Model. A different model of the
polymer network, the so-called phantom network, was
developed by James and Guth in the forties.!’"2¢ They
assumed that the network chains are Gaussian and
interact only at junction points. This means that chains
may pass freely through one another, i.e., are “phan-
tom”, and thus excluded volume effects and chain en-
tanglements are neglected. They also assumed that all
junctions at the surface of the network are fixed and
deform affinely with macroscopic deformation but that
all inside junctions fluctuate around their mean posi-
tions. The fluctuations of polymer chains and junctions
are independent of the deformation, while the mean
positions of junctions or chain segments inside the
network displace affinely with macroscopic deformation.
According to the theory, the fluctuations ((Ar)?) of the
mean-square end-to-end vector in a unimodal network
having a functionality ¢ and a treelike topology are?%,22

(6)

(AP = %(#)0 %)

The fluctuations of a network junction around its mean
position ((AR)?) are characterized by?1:22
p—1),,
(AR = ——=r )
(AR =4 =2 0
Similarly, the fluctuations ((AR;)?) of the ith segment

Macromolecules, Vol. 28, No. 14, 1995

along a chain composed of n such segments around its
mean position are?!.22

. 2 —3 -¢__1._ + — g — 6 2
(R =[E—5+(1-Foa -0, ©
where

6=1i/n (10)

denotes the position of the ith segment along the chain
as a fraction of the chain contour length between two
junctions. In the special cases where # =0o0r 8 =1, eq
9 reduces to eq 8.

The vector r; between two points i and j in the
network is

r, =r;+ Ar, (11)

where Ar;; is the instantaneous fluctuation of r; and

r; is its time average. Squaring both sides of the
agove equation and taking the ensemble average leads
to

(r =S +(ar? (12)

since instantaneous fluctuations and mean values are
uncorrelated. If points i and j are two ends of a chain,
then from eqs 7 and 12, it follows that

- 2
¢ =(1- 2k (13)
Because the mean positions of junctions transform
affinely with macroscopic strain while the fluctuations
are strain independent, we have
r; =Air; + Ar; (14)

ie.,

AZ+ AR+ 12
<r2>=[(1—%}—" R +%]<r2>0 (15)

The elastic free energy of the phantom network is
1 2
A, = §(1 - 5)wlaTolj +22+22-3) (16)

which is very similar to eq 1 for the affine network. The
only difference is that the so-called front factor (v/2 for
the affine network) is replaced by &/2 for the phantom
network model. The quantity

e=(1- %)v amn

is the network cycle rank, i.e., the number of cuts
required to reduce the network to an unconnected tree.
For a perfect network without dangling chains and
composed of 4 junctions and v chains

u=2v/¢ (18)
and
E=v—u (19)
The reduced force for the phantom network model is3
(1 - %)vavch/ 8
lhy=—"7"—" (20)
[f* ph Vd

Thus, as was the case for the affine network (eq 6), the
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Figure 1. Schematic representation of the effect of constraints
on the fluctuations of junctions in the Flory constrained-chain
theory.® Point A is the mean position of a junction in a
phantom network. Point B is the center of constraints. Under
the combined action of the phantom network and the con-
straints, the junction now fluctuates around point C, and point
D is its instantaneous position.

modulus is independent of elongation, with the only
difference being the factor (1 — 2/¢).

Real Networks as Intermediate Cases

Constrained-Junction Theory. A real network
exhibits properties that fall between those of the affine
and phantom model, and theories have been constructed
to take this into account,®5823 an example being the
constrained-junction theory. They are based on the idea
that in real networks, excluded-volume interactions and
chain entanglements affect the elastic behavior of the
network chains. A parameter which measures the effect
of the constraints thus introduced is the degree of chain
interpenetration in the network. It is defined as the
average number of spatially-neighboring junctions within
the domain of fluctuations of a given junction in the
network:

r= %r“’)(,%“;—o 1)

In the constrained-junction network model, a given
junction is assumed to be under the joint action of the
phantom network and the constraint domains, as shown
schematically in Figure 1. Point A locates the mean
position of the junction in the phantom nework. The
large dashed circle of radius ((AR)?),n'/? represents the
fluctuation domain of the junction in the phantom
network, and the smaller circle of radius ((As)2),!?2
represents the domain size of the constraint centered
at point B. Point C is the mean position of the junction
under the joint action of the phantom network and the
constraint, and point D denotes the instantaneous
location of the junction, subject to fluctuations AR, As,
and OR from points A, B, and C, respectively. A
quantitative measure of the constraint is given by the
ratio

«AR) >ph
((As )2>0
where the phantom limit corresponds to x = 0, and the

(22)
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affine limit to k = =. Flory and Erman358 assumed also
that the parameter « is proportional to the average
number T of junctions in the domain occupied by the
chain, given by eq 21.

The elastic free energy of the network in the con-
strained-junction theory is the sum of the free energy
of the phantom network AAgy (given by eq 16) and the
constraint free energy AA.:

AA, = AA,, + AA, (23)

The free energy from the constraints is given in terms
of the components of the principal extension ratios:

1
AA, = EﬂkTZ[Bt +D,—In(B,+ 1) -
t
In(D, + 1)], t=ux,y,2z (24)
where
2.4 2
K4A = 1)
B,=—"— (25)
A+ ©
and
j’:?ZBt
D,= = (26)

The reduced force [f*] in uniaxial deformation from
this constrained-junction theory is given by

B 2 [0K(,®) — a°K(4,))]
[f*]_[f*]ph1+¢—2 oa—a?

Here, Ay = 4, 42 = 2712, and [f*];x is the phantom
modulus given by eq 20. The function K(4?) is defined
as

27

KO = DD
A= Br1 + D+l (28)
with B(12) and D(A2) given by eqs 25 and 26. Finally,
- 0B 1 2
B=—=B - (29)
az [/12 -1 A%+ K]
and
D= % —(,123 + B) (30)

The reduced force [f*] in the constrained-junction
theory always lies between the modulus of the affine
network [f*lasr (given by eq 6) and the modulus of the
phantom network [f*]on (given by eq 20), irrespective of
the elongation. In the limit « = 0, eq 27 gives the
phantom modulus, while in the limit ¥ = o, one obtains
the affine modulus.

Vilgis and Erman?¢ recently put this theory into
context by proving that the free energy of constraints
in the constrained-junction theory has the same func-
tional form as in the replica model.

Constrained-Chain Theory. Recently, Erman and
Monnerie!? extended the idea of constraints affecting
fluctuations in real networks,35828 but with their effects
on the centers of masses of the chains (instead of at their
junctions). Figure 2 shows a phantom chain used in the
analysis. Although fluctuations of a given pointi on a
chain around its mean position {(AR;)2} do not depend
on the deformation of the network, its fluctuations
around the center of mass of the ((AG;)?) chain are
deformation dependent. This is due to the fact that
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Figure 2. A position of point i along the chain relative to the
mean position of the center of mass of the chain.?? The vector
AR; shows the instantaneous fluctuations of point i from its
mean position, and the vector AG; shows the instantaneous
fluctuations from the center of mass of the chain.

AG; = AR, + Ar, (31)

where Ar, is the vector from the mean position of the
center of mass of the chain to the mean position of the
point i in the phantom network. Since mean positions
deform affinely, we have

Ar, = (6 — 1/2)ir, (32)
where 0 < 6 < 1 is the fractional position of the point i

on the chain defined by eq 10, and r, is the chain’s
mean end-to-end vector in the undeformed state. In-
serting eq 32 into eq 31, squaring, and averaging over
all points along the chain leads to the following expres-
sion for the x-component of the fluctuations of the center
of mass of the chain:

AX2_1+(/1,f—1)<1> ) 23
(AXeP)=—4q i) © (33)
with the parameter @ given by
(121, 2
®=(1 ¢) +2) (34)

where n is the number of segments per chain.

The elastic free energy in the constrained-chain
theory is given by the same two terms in eq 23, where
the phantom network contribution is described by eq
16 and the contribution due to constraints on chains is?

1
AA, = 5weT Y, [B,+D,—InB,+ 1) —InD, + 1]
t=x,y,2

(35)

The quantities B; and D; are defined as

heg(l— ®)A2— 1)
= (36)

G2+h)
and
A’B,

Dt = "‘h— (37)

where the parameter £ is a function of the macroscopic
deformation tensor A:

h(A) = kg1 + (4,2 — D] (38)

The parameter «g is a measure of the strength of the
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constraints affecting the fluctuations of the center of
mass of the chain in the phantom network and is
defined similarly to the parameter « (eq 22) in the
constrained-junction theory. Specifically,

_(ARg®,
(Asg),

where ((ARG)%), are fluctuations of the center of mass
of the chain in the undeformed phantom network:

(AR, = Oy (40)
G770 41 ~ 2/g)
The quantity ((Asg)?)o denotes the domain size of the
constraint affecting fluctuations of the center of mass
of the chain in the phantom network and is similar to
{(As)?) in the constrained-junction theory, as shown in
Figure 1. [If the constraints, on the average, are
distributed uniformly inside the network, then one may
asume that {((Asg)2) = ((As)2).]
The constrained-chain theory of Erman and Monnerie
leads to the following expression for the reduced force
(modulus) in uniaxial deformation:

aK(A,3) — a2 K(1,9)]
[ = [f*]ph[1 — Lok, )~ o Kia) ] (41)
¢ o — o

where 1; = A, A2 = A7Y2, and [f*],n is the phantom
modulus given by eq 20. The function K(42) is defined
by eq 28, with B{A2) and D(1?) given by eqgs 36 and 37.
Also,

Ko (39)

BB _gl 1 9 k@A — k)
=l Pl T 2 2 (42)
A A=1 A+h h(A°+h)
and
. aD 1 k@AY B
D= ﬁ = B(E - E ) W (43)

where h(4) is defined by eq 38.

In the limit k¢ = 0, the free energy in the constrained-
chain theory reduces to the elastic free energy of the
phantom network. It is similar to the constrained-
junction theory in this regard. However, in the limit
kg = o the elastic free energy in the constrained-chain
model exceeds the free energy of the affine network,
which is the limiting value for the constrained-junction
model. Thus, the reduced force in the constrained-chain
model converges to the phantom modulus (given by eq
20) in the limit kg = 0, but for sufficiently large values
of kg exceeds the affine modulus given by eq 6.

Experimental stress—strain isotherms for dry and
swollen networks can be well represented by the theo-
retical curves from the constrained-chain model.1?

The Present Theory, with Diffused Constraints

The present theory extends the results of the Erman—
Monnerie theory!? by letting the constraints affect
fluctuations of all points along the chains, including
network junctions. This idea of diffusing the constraints
so as to include fluctuations of all such points along
phantom chains was introduced recently by Erman.?

Figure 3 shows a network chain composed of n freely-
jointed bonds. Points Ay and A, denote the instanta-
neous positions of junctions, and points Ay and A, their
mean positions in the phantom network. Vectors ARq
and AR, denote instantaneous junction fluctuations,
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Figure 3. Effect of the center of constraints located at point
B on the fluctuations of point i along the chain.!? The detailed
description of various symbols is provided in the text.

and AR; is the fluctuation of the point i of the chain
from its mean position A;, located at (i/n)ir, = 6ir,

from the point Ag. The quantity r, is the chain’s mean
end-to-end vector in the undeformed state, and 0 < 8 <
1 is the fraction of the contour length of the chain from
the junction Ay to point i. Point B located at the

distance s; from A; represents the center of entangle-
ment constraints, and point D is the instantaneous
position of the point i in the real network under the
combined action of the phantom network and the
constraints. Point C is the new mean position of point
i in the real network, around which i fluctuates under
the joint effect of the phantom network and the con-
straints.

The probability of the fluctuation AR; of the point {
from its mean position in the phantom network is!4

P(AR,) = C exp|— —— Z (AR,
2=L+(1-Fea -0
&¢p — 2) ¢
(44)
with
3
= 45
y 207, (45)

where C is the normalization constant.

If point i of the chain is under the joint action of the
phantom network and the constraints, then following
the treatment of Flory,358 the joint probability of having
point [ at 6R; in the real network is

P(0R,) = C P(As) P(AR)) (46)

Here, P(As) is the distribution of constraints, which was
assumed by Flory to be Gaussian and affine under
deformation

det o\ 12 T
P(As) =( 3 ) exp[—As g;As] 47
T

The tensor g; is defined as

o, = og(AAT)! (48)

where 1/ is proportional to the mean-square range of
entanglement constraints in the undeformed state. The
distribution P(As) is independent of the position of the
center of constraints, if on average the constraints are
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uniformly distributed inside the network. Under this
assumption the parameter gy is the same for all points
i along the chain and is the same as in the constrained-
junction theory.358 The constant C in eq 46 guarantees
the proper normalization of P(6R;):

fP(éR) doR) =1 (49)

The probability of fluctuations of point { along the chain
from its mean position in phantom network A; in the
presence of constraints P*(AR;) is given by the convolu-
tion

P*(AR,) = P(OR,* ©(AR) (50)

where ®(AR) is a Gaussian distribution independent
of deformation.

Following Flory’s arguments, it may be shown that
the distribution P*(AX;) for the x-component of the point
i on the chain in the real network in the presence of
constraints is

P*(AXi) = exp|— "——2(}'—2—1;(AX )2 (B1)
2+ G2t ?
with
o = Y (52)
-1 _ 251 —
pro Tt [1-2pa -6

where 6 = i/n is the fractional distance of point i on the
chain from Ay. The equations for the y- and z-compo-
nents are similar.

The parameter « in eq 51 is now a point { dependent
function (because of the 6 dependence), since

Oy _Oof ¢—1 2
“(6) =2 = —[—— +(1- 2o - 0)] (53)
a’ y[ele—2) ¢)
Following the arguments used by Flory in the con-
strained-junction theory, the elastic free energy of the
constraints affecting fluctuations of the ith segment of
network chains is

1
AA(0) = vkT Y. [B(6) + D(6) — In[B(O) + 1] ~
=2y

In[D(6) + 111 (54)

with
K*(O)(A,7 — 1)
B()=—— (55
49 [4,2 + (0 :
and
_ B0
D(6)= «0) (56)

where the parameter «(0) is defined by eq 53. Because
the constraints are affecting fluctuations of all points
along the chain, the free elastic energy of constraints
must be averaged over all segments of the chain. This
gives

1
A& = kT Y [IW©OIB® + D6 -
t=xy,2

In[B,(6) + 11 — In[D/6) + 111d6 (57)

where W(8) is the distribution of constraints among
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different points along the chain. If this distribution is
uniform, then W(8) = 1 inside the integrand of eq 57.
In the case when constraints are assumed to affect only
fluctuations of junctions (as in the constrained-junction
theory), 8 is limited to 8 = 0 or 6§ = 1 only.

The distribution W(8) in eq 57 is

W) =48(0) + 606 — 1) (58)

where J denotes the Dirac d-function. Additionally,
because each junction is shared by ¢ chains, v in eq 57
should be replaced by 2v/¢ = u and one recovers the
elastic free energy of constraints in the constrained-
junction theory.3>8 On the other hand, if constraints
are assumed to affect the fluctuations of the midpoints
of the chains only

W(6) = 6(6 — 1/2) (59)

and one recovers an expression equivalent (but not
identical) to the elastic free energy of constraints in the
Erman—Monnerie theory.!? We should note that the
present theory does not reduce identically to the con-
strained-chain theory, because it characterized the
deformation-dependent fluctuations of the centers of
mass of the chains and not the deformation-independent
fluctuations of the midpoints of the chains.

It is useful to relate the parameter «(0) to the param-
eter «r (defined by eq 22) in the Flory constrained-
junction theory:

Oy ¢—1
= e (60)
T He-2)
where y is defined by eq 45. The result is

(¢ — 2)%6(1 — 6)
o—1
It should be noted that the parameter «g in the

constrained-chain theory can also be expressed in terms
of k!

k(0) = kp|1 + (61)

T S
¢y 41 -2/ Tap-1
One should also note that «g = «(60 = 1/2).

The reduced force (modulus) in the present theory
becomes

(62)

JLoK(A,?) — a‘jK(zf)] a6

_ip ¢
PI= Pl 1+ S B i ——

(63)

where the phantom modulus {f*],, is given by eq 20, 4;
= 4, and iz = A"V2, The function K(4?) is defined by eq
28, with B and D given by egs 55 and 56, and B and D
given by eqs 29 and 30 [with « replaced by «(8)]. It is
also assumed that the constraints are distributed
uniformly among different points along the chain and
that W(8) = 1.

INlustrative Numerical Calculations for
Stress—Strain Isotherms in Elongation

In these illustrative numerical calculations, the modu-
lus [f*] was calculated as a function of inverse elongation
ot for dry networks (vy = 1). It was normalized by
vkTv9.¥3/Vy, so the affine modulus (eq 6) in the figures
corresponds to [f*] = 1, and the phantom modulus given
by eq 20 corresponds to [f*] = (1 — 2/¢). The numerical
integration over 8 in eq 63 was performed using 10-point
Gaussian quadrature. The results of the present theory
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Figure 4. Modulus [f*] normalized by vATv2.2%/V4 shown as
a function of the inverse elongation a~!. The results in this
figure and the following ones are for a dry network (vs = 1)
with tetrafunctional cross-links (¢ = 4) and pertain to the Flory
theory, the Erman—Monnerie theory (E.M.), and the present
theory (“New”). The results in this particular figure were
calculated for xr = 0.5 and additionally for g = 0.5 for the
E.M. theory (dashed line).

were compared with results of the Flory constrained-
junction theory®52 and the Erman—Monnerie con-
strained-chain theory.!? Because each of these theories
uses a differently defined parameter «, the calculations
were performed for the same value of the parameter «r,
which was defined by Flory as a ratio of the mean-
square fluctuations of junctions to the mean-square
range of constraints, and is given by eq 60. This means
that for a given value of «r, the parameter g in the
Erman-Monnerie constrained-chain theory was calcu-
lated from eq 62. To show the effect of the substitution
of kr by x¢ in the Erman—Monnerie constrained-chain
theory, curves are also shown for the Erman—Monnerie
theory with «g equal to xr. These curves were plotted
using dashed lines in order to distinguish them from
other (solid-line) curves obtained for the same value of
kp. Figure 4 shows the results obtained for a small
value of the parameter «r, namely «r = 0.5. All theories
give results very close to the phantom network limit [f*]
= (1 — 2/¢). The Flory constrained-junction theory
shows the smallest deviation from the phantom limit
[f*1 = (1 — 2/¢), i.e., [f¥] = 1, for the tetrafunctional
network (¢ = 4). The largest values of the modulus are
obtained for the present theory (marked “New” on the
plot), but the difference between the present theory and
the Erman—Monnerie theory is small. The calculations
performed for the Erman—Monnerie theory for «g = 0.5
(dashed line) give lower values of the modulus than do
the same calculations for k< = 0.5. In the limit of high
extensions o, all theories converge to the phantom limit
[*] = (1 — 2/¢). It can be also shown that in the limit
krp = 0, they all give the constant modulus [f*] = (1 —
2/¢) (phantom modulus) irrespective of elongation.

Figure 5 shows the same relationships for a larger
value of the parameter «r (specifically, xr = 2). The
results are very similar to those in Figure 4. All
theories give values of the modulus larger than those
for kp = 0.5, and the deviations from the phantom limit
increase, as could be expected.

Results for an even larger value of «r, namely 5, are
shown in Figure 6. The structure of the plots is very
similar to those in Figures 4 and 5. The increase of «p
increases all moduli, and the modulus in the present
(new) theory does exceed the affine limit [/*] = 1 at
small elongations (o ~ 1).
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Figure 5. Values of the modulus for «r = 2, and additionally
for kg = 2 for the Erman—Monnerie theory (dashed line).
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0.9

[t}
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Figure 6. Values of the modulus for kr = 5, and additionally
for kg = 5 for the Erman—Monnerie theory (dashed line),

1.5

.l

[t*]

Figure 7. Values of the modulus for xr = 20, and additionally
for kg = 20 for the Erman—Monnerie theory (dashed line).

Figure 7 shows plots obtained for xr = 20. A char-
acteristic feature of this figure is that for larger elonga-
tions (smaller a~1), the modulus calculated for the Flory
constrained-junction theory exceeds that calculated for
the Erman~Monnerie constrained-chain theory. It
should be noted that the difference between the moduli
of the Erman—Monnerie theory calculated for «p = 20
and «g = 20 decreases rapidly. Additionally, however,
the differences between the results of the present theory
and the Erman—-Monnerie theory are much increased.

Results obtained for a very large value of the param-
eter «f (specifically 1000) are shown in Figure 8. The
modulus for the constrained-junction model essentially
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Figure 8. Values of the modulus for xr = 1000. The curve
for the Erman—Monnerie theory calculated for «xg = 1000
overlaps the curve obtained for «r = 1000.
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Figure 9. Values of the modulus for networks of very high
functionality (¢ = 1000) and for xr = 2 and additionally for kg
= 2 for the Erman—Monnerie theory (dashed line).

reaches the affine limit [f*] = 1 for most elongations,
except for a >10. The constrained-chain model gives
practically the same value of the modulus for g = 1000
and «g = 1000. One should also note that [f*] in the
present theory reaches also the limiting value 1.5 for
most of the elongation range. It can be shown analyti-
cally that the upper limit of the modulus in the present
theory is (2 — 2/¢) (i.e., 1.5 for ¢ = 4), whereas the
Erman—Monnerie theory does not show such an upper
limit,

The last figure shows similar plots but in the limit of
very large functionality ¢ = 1000, while the x parameter
was chosen to be rather small (kr = 2). In this limit,
the constrained-junction theory shows the affine behav-
ior [f*] = 1, but the modulus in the present theory
converges to [[*] ~ 2 for small elongations. This is a
direct consequence of the more general limit [*]1=(2 —
2/¢). The modulus in the Erman—Monnerie theory!2
does not show the existence of such a limit.

The fitting of the constrained-junction theory to
experimental data usually gave relatively large values
of the parameter « (xr in our notation), corresponding
almost to the affine limit. Because the interpretation
of the experimental results by this theory was not
satisfactory in this regard, Flory and Erman attempted
to improve it by introducing the additional parameter
£.%6 The additional modifications leading to the Er-
man—Monnerie constrained-chain model had the sig-
nificant advantage of having only a single parameter
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«G and the fact that its values obtained by fitting theory
to experimental data were now relatively small.

Since the shapes of the [f*] vs. o~! curves for the
present theory and those for the Erman—Monnerie
constrained-chain and Flory constrained-junction mod-
els are very similar, it can be anticipated that the
present theory will fit experimental data at least as well
as these other theories. It will presumably, however,
give more realistic values of the constraint parameters
and associated fluctuation magnitudes suitable for
comparisons with neutron scattering results. In fact,
good representations should be attainable for values of
the parameter «r even lower than «g in the Erman—
Monnerie theory. It can be anticipated that the values
of kr obtained by comparisons with theory should be of
the order of unity. Such detailed comparisons between
theory and experiment are in the process of being
carried out.

The theory can also, of course, be extended to other
properties. A related treatment of birefringence, for
example, has been carried out and is described else-
where.?7
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